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ABSTRACT
Spacetime singularities in numerical relativity can be avoided by excising a region of
the computational domain from inside the apparent horizon. We report on results
of such a scheme that is based on using (i) a horizon locking coordinate which locks
the coordinate system to the geometry, and (ii) a nite dierencing scheme which
respects the causal structure of the spacetime. With this technique a black hole
can be evolved accurately well beyond t = 1000M , where M is the black hole mass.
1. Background
As black holes are accompanied by singularities, their presence in numerical space-
times leads to extreme dynamic ranges in length and time, making it dicult to
maintain accuracy and stability for long periods of time. The traditional way to
deal with these problems has been to take advantage of the coordinate degrees of
freedom inherent in the Einstein equations to avoid evolving the extreme curvature
regions. These so-called singularity avoiding slicing conditions wrap up around the
singular region so that a large fraction of the spacetime outside the singular region
can be evolved. However, these conditions by themselves do not completely solve
the problem; they merely serve to delay the breakdown of the numerical evolution.
In the vicinity of the singularity, these slicings inevitably contain a region of abrupt
change near the horizon and a region in which the constant time slices dip back deep
into the past in some sense. Numerical simulations will eventually crash due to these
pathological properties of the slicing. As these problems are even more severe in 3D,
where much longer evolutions will be required to study important problems like the
coalescence of two black holes, it is essential to investigate alternative methods to
handle singularities and black holes in numerical relativity.
2. Horizon Boundary Condition
Cosmic censorship suggests that in physical situations, singularities are hidden
inside black hole horizons. Because the region of spacetime inside the horizon cannot
causally aect the region of interest outside the horizon, one is tempted to cut away
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the interior region containing the singularity and evolve only the singularity-free re-
gion outside. To an outside observer no information will be lost since the region cut
away is unobservable. The procedure of cutting away the singular region will drasti-
cally reduce the dynamic range, making it easier to maintain accuracy and stability.
With the singularity removed from the numerical spacetime, there is in principle no
physical reason why black hole codes cannot be made to run indenitely to cover all
spacetime region outside the horizon of interest without crashing.
Although the desirability of a horizon boundary condition has been raised many
times in the literature,
1{4
it has proved to be dicult to implement such a scheme
in a dynamical evolution. Recently we demonstrated that a horizon boundary condi-
tion can be realized.
5, 6
There are two basic ideas behind our implementation of the
inner boundary condition. First, we use a \horizon locking coordinate" which locks
the spatial coordinates to the spatial geometry and causal structure. This amounts
to using a shift vector that locks the horizon in place near a particular coordinate
location, and also keeps other coordinate lines from drifting towards the hole. We
have investigated several types of shift conditions, including a \distance freezing"
shift that freezes the proper distance to the horizon, an \expansion freezing" shift
that freezes the rate of expansion of outgoing null rays, an \area freezing" shift that
freezes the area of radial shells, and the minimal distortion shift
7
that minimizes the
global distortion in the 3-metric. Some of these shifts have the advantage that they
can be generalized more easily to geometries and coordinate systems other than the
spherical one. The basic message is that the idea of a horizon locking coordinate is
robust enough for many dierent implementations, with some implementations likely
extendible to the general 3D case.
The second ingredient is using a nite dierencing scheme that respects the causal
structure of the spacetime, which essentially means that spatial derivatives are com-
puted at the \center of the causal past" of the point being updated. Such a dierenc-
ing scheme is not only essential for the stability of codes using large shift vectors as
in those with \horizon locking coordinates", but also eliminates the need of explicitly
imposing boundary conditions on the horizon. Since the horizon is a one-way mem-
brane, quantities on the horizon can be aected only by quantities outside but not
inside the horizon. Hence, in a nite dierencing scheme which respects the causal
structure, all quantities on the horizon can be updated solely in terms of known quan-
tities residing on or outside the horizon, and there is no need to impose boundary
conditions to account for information not covered by the numerical evolution.
It is informative to compare results in using horizon locking schemes against
those obtained with traditional singularity avoiding slicing methods. In Figure 1 we
show the deviation of the apparent horizon mass for a spherically symmetric black
hole from the analytic value of 2. The solid line is the deviation for the \distance
freezing" shift vector
6
and the dashed line is computed from a code using maximal
slicing with zero shift.
8
By t  100M , where M is the black hole mass, the zero
shift case has accumulated a 100% error in the mass and the code crashes shortly
thereafter. The horizon locking shift case is accurate to  4% at t = 1000M .
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Figure 1: The deviation in the horizon mass for a spherically symmetric black hole is shown as a
function of time. We compare the distance freezing shift case to a maximally sliced evolution with
zero shift. The zero shift evolution crashes shortly after t = 100M .
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